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Mode Localization in Multispan Beams
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The influence of various effects on mode localization in multispan beams is studied. The finite element method
is used to study localization as a function of Timoshenko beam effects; beam end conditions; span length, mass,
and stiffness imperfection; viscous damping; axial force; transverse support and rotational coupling stiffness;
and modeling resolution. Three configurations are studied, starting with two separate 2-span models and
culminating in a 10-span configuration that resembles lattice-type large space structures. The results show that,
in addition to the ratio of imperfection to coupling stiffness, transverse support stiffness and Timoshenko beam
effects are also parameters that influence mode localization in structures with repeated segments.

Nomenclature
A = cross-sectional area
A = span response ratio
[C] = damping matrix
c = continuous beam center support rotational spring

stiffness
c = continuous beam center support nondimensional

spring stiffness
E = Young's modulus of elasticity
G = shear modulus
/ = mass moment of inertia
[K] = stiffness matrix
Kj. = pinned-beam rotational spring stiffness
Kr = pinned-beam rotational spring nondimensional

stiffness
Kf = pinned-beam transverse spring stiffness
Kt = pinned-beam transverse spring nondimensional

stiffness
k = shear correction factor
L - beam length (continuous beam) or span length

(pinned beam)
L/r - slenderness ratio
[M] = mass matrix
m = linear mass density
r - radius of gyration
[x] == generalized coordinate vector

| AE = Young's modulus imperfection
AL = span length imperfection
AL = nondimensional span length imperfection
X = eigenvalue
p = mass density
&„ = natural frequency
Q^ = nondimensional natural frequency
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I. Introduction and Problem Statement

W HEN modeling structures consisting of numerous re-
peated segments, structural dynamicists typically as-

sume that the geometry and material properties (i.e., mass,
stiffness, and damping) of the repeated elements are identical.
The mode shapes obtained from this idealized model are global
in nature, and the modal response extends throughout the
structure.

However, in real structures, no two segments will be pre-
cisely identical. Imperfect manufacturing processes will invari-
ably produce small random variations in the properties of each
segment. These variations in segment properties are governed
by manufacturing tolerances. If the ratio of segment variation
to intersegment coupling falls within a certain range, the resul-
tant mode shapes may be dramatically different from the ide-
alized case. The modal response in this case is confined to a
few segments or even a single segment of the structure, when
compared with a conventional mode shape that extends
throughout the structure. The degree and nature of the imper-
fections determine whether the localization is either beneficial,
as a passive damping mechanism, or catastrophic, when it
leads to excessive response or renders an active control system
ineffective.

Early localization work in structural dynamics1"9 dealt with
the field of turbomachinery, which belongs to a class of cycli-
cally symmetric structures that are weakly coupled and there-
fore susceptible to mode localization. The objective of this
research was to explain the unpredicted fatigue failures of
turbine and compressor blades. It is interesting to note that
none of the early work on "mistuned" turbomachinery rotors
mentions the term "mode localization." Reference 6 was
among the first to use localization theory to explain the behav-
ior of mistuned rotors.

The work of Bendiksen10 and Cornwell and Bendiksen11'13

focused primarily on the localization behavior of cyclically
symmetric large space structures. In Ref. 10, the dynamic be-
havior for a perfectly symmetric wrap-rib antenna model was
calculated by analytical methods. Numerical and perturbation
methods were used to calculate localized modes for the disor-
dered antenna model from the results of the perfect model
analysis.10 Multi-degree-of-freedom substructures were stud-
ied using Rayleigh-Ritz and finite element techniques.11'13 The
principal findings of this research determined 1) the sensitivi-
ties of eigenvalues and eigenvectors to small amounts of disor-
der and 2) the precise nature of coupling effects that cause
localization. Time domain effects of localization were demon-
strated by the confinement of a wave packet in the disordered
structure, compared with the extended response of the tuned
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structure. A method was also introduced to measure the extent
of localization.

Hodges14 studied mode localization from an acoustical view-
point. Two models, a series of coupled pendulums and a vi-
brating string with point masses and springs, were used to
show that the degree of localization was strongly influenced by
the ratio of disorder strength to coupling strength. Using the
vibrating string, Hodges and Woodhouse15 demonstrated ana-
lytically and experimentally that vibration attenuation can be
achieved by a random variation of the properties of a periodic
structure.

Localization from a wave propagation perspective was stud-
ied by Kissel.16 The structures considered in Ref. 16 consisted
of a spring-mass chain and a rod carrying longitudinal waves
with attached resonators. Kissel also defined a localization
factor based on the spatial attenuation of the wave.

Work by Pierre17 and Pierre et al.18 studied localization for
a two-span Bernoulli-Euler beam using analytical and experi-
mental methods. Imperfection or disorder was achieved by
perturbing the position of the center support from the mid-
point of the beam. Variations in the coupling between the
spans was introduced by modifying the stiffness of a center
support rotational spring connecting the beam to ground. An-
alytical results were obtained by a modified perturbation
method and a Rayleigh-Ritz technique. Localization curves
were presented by plotting the span response ratios for each
mode as functions of the length imperfection and the coupling
parameter. The results agreed with Hodges14 and Bendiksen,10

indicating that the degree of localization depended on the ratio
of disorder strength to coupling strength. Wei and Pierre19'20

have also used perturbation methods to study localization in
mistuned assemblies with cyclic symmetry.

Previous studies of beam structures17'18 were based on
Bernoulli-Euler beam theory. This approach led to a conve-
nient solution that could be obtained in closed form or from
convenient approximations such as the Rayleigh-Ritz tech-
nique and thus the computational effort could be minimized.
However, when dealing with higher modes, wave propagation,
or modeling truss or frame structures such as a continuum
beam, the shear stiffness and rotatory inertia properties associ-
ated with Timoshenko beam theory become important and are
required.21 Closed-form Timoshenko beam eigensolutions ex-
ist only for the single-span case. However, it should be noted
that exact dynamic stiffness matrices for Timoshenko beams
have been derived in Refs. 22 and 23, and these can also be
employed in the structural dynamic modeling of multispan
beams. To analyze complex multispan beams, a finite element
approach is needed. This approach, which is an essential ingre-
dient for the study of large practical configurations, has not
been considered in the literature to date.

The purpose of this study is to provide an improved funda-
mental understanding of mode localization phenomena in real-
istic multispan beam-type structures. To accomplish this ob-
jective, the following effects were studied: 1) modeling of
shear stiffness and rotary inertia (Timoshenko beam effects) in
the beam finite element model; 2) variation of boundary condi-

discrete translational and
rotational masses, springs,

and dampers at each pin joint

0.5-AL 0.5 + AL

Fig. 2 Two-span continuous beam model.

tions such as clamped end conditions in addition to the simply
supported case studied previously; 3) introduction of viscous
damping; 4) variation of the number of elements per span in
the Timoshenko beam finite element model, which effectively
changes the relative spacing of bending and shear modes; 5)
introduction of imperfection by variations in the span length,
span mass, and span stiffness; 6) introduction of axial force
effects; 7) variation of the center support transverse stiffness in
addition to the rotational coupling stiffness; and 8) introduc-
tion of a discrete mass at an intermediate span location as an
imperfection parameter. The numerical results presented in the
paper illustrate in a clear manner the role of these parameters
in mode localization.

II. Mathematical Model, Method of Solution,
and Finite Element Code

A finite element model capable of representing general
beam-type multispan configurations, including the effects of
damping, Timoshenko beam effects, various degrees of cou-
pling, and imperfection, was developed and implemented in a
computer code.24 The geometry for the model of the multispan
beam is described in Fig. 1. Among the various available finite
element models suitable for representing Timoshenko beams,
the model developed by Tessler and Dong25 was selected be-
cause it corrects many of the deficiencies present in other
models. In Ref. 25, families of Timoshenko beams were devel-
oped with different orders of interpolation. From the family of
elements available, the element denoted as T2CL6 was se-
lected. This is a higher order element based on the concept of
"interdependent variable interpolation" for the element for-
mulation.25 Details of the implementation of this element in
the present formulation are presented in Refs. 26 and 27 and
are not repeated here for the sake of conciseness.

The general beam configurations that can be represented by
the finite element code that was developed, shown schemati-
cally in Fig. 1, consist of the T2CL6 Timoshenko beam ele-
ment, combined with the capability for modeling axial loads,
translational and rotational springs, masses, and viscous
dampers. As shown in Fig. 1, each beam span is assumed to be
pin connected to its neighbor. The code is capable of comput-
ing both damped and undamped free vibration problems.

For the undamped case, one has real, symmetric, and posi-
tive definite mass and stiffness matrices. The eigenvalues and
mode shapes are obtained from solving the standard structural
dynamics eigenvalue problem. In the program that was devel-
oped, Eq. (1) is solved by the EISPACK routine RSG28:

[ K ] ( x } = \ [ M ] i x } (1)

For the damped case, the equations are first rewritten in first
order state variable form,29 leading to the real, symmetric,
nonpositive definite eigenvalue problem, Eq. (2), which is
solved by EISPACK routine RGG:

Fig. 1 General multispan beam-type structure.
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The output from the finite element program consists of the
eigenvalues and eigenvectors, as well as strain and kinetic en-
ergies associated with the various modes. The kinetic energy
is used as a device for identifying modes as predominantly
shear or bending modes. A mode having greater transverse
kinetic energy than rotational kinetic energy is defined as a
bending mode. If the converse is true, the mode is defined as
a shear mode.

III. Results and Discussion
Continuous Two-Span Beam

Studies to determine the influence of the Timoshenko beam
effects on localization were conducted first. The example con-
sidered was a two-span beam studied by Pierre17 and Pierre et
al.18 that is shown in Fig. 2. Natural frequencies tin and span
response ratios A were computed as functions of mode num-
ber, rotational stiffness at the center support c, and span
length imperfection AL. The natural frequencies, rotational
stiffnesses, and span length imperfections were represented by
the nondimensional quantities given next:

(3)

(4)

(5)

where L is the length of the entire beam.
The span response ratio A is illustrated in Fig. 3 and is

defined as follows:

(6)

where a is the maximum displacement associated with the span
in which the response is smaller, and b is the maximum dis-

Table 1 Bending mode natural frequencies of a
perfect two-span continuous beam

Fig. 3 Span response ratio.
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Fig. 4 Length imperfection localization curves, bending mode 6,
Bernoulli-Euler elements.

Bending
mode

number
1
2
3
4
5
6
7
8
9

10

Beam element type
Bernoulli-

Euler
39.5
61.7

157.9
199.9
355.3
417.1
631.8
713.3
987.6

1088.9

T2CL6,
L/r = 55.4

38.5
58.1

143.9
172.9
295.5
326.5
475.9
504.2
674.7
698.5

T2CL6,
L/r = 21.1

36.0
50.5

118.7
132.4
218.4
227.3
323.7
328.3
431.4
431.7

T2CL6,
L/r = 10.1

25.4
28.7
62.3
63.4

100.4
101.2
138.7
138.8
176.3
176.6

Table 2 Shear mode natural frequencies of a
perfect two-span continuous beam

Shear
mode

number
1
2
3
4

Beam element type
Bernoulli- T2CL6,

Euler L/r = 55.4
—— 1735.5
—— 1747.0
—— 1780.6
—— 1832.6

T2CL6,
L /r = 27.7

433.9
446.2
476.3
519.4

T2CL6,
L/r = 10.1

57.4
69.0
89.1

115.4

placement associated with the span in which the response is
larger.

To facilitate comparison with the results obtained by
Pierre17 and Pierre et al.,18 values for c were selected as 0.0,
44.8, 110.1, 281.8, 500.0, and 1000.0, respectively. Values for
AL were chosen as 0.0, 0.005, 0.010, and 0.020. Localization
curves were obtained by plotting span response ratios A vs
rotational stiffness c for constant values of length imperfec-
tion AZ. To be consistent with Pierre's terminology, a mode is
considered as * 'localized" when the span response ratio is less
than 0.1.

Timoshenko Beam Effects
To study Timoshenko beam effects on mode localization,

four cases were considered. The first case consisted of the
continuous two-span beam modeled with Bernoulli-Euler ele-
ments. The remaining three cases modeled the two-span beam
with T2CL6 elements. Slenderness ratios for the three Timo-
shenko beam examples were 55.4, 22.7, and 10.1, respectively.

Natural frequencies for the first_10 bending modes of the
perfect structure (c = 0.0 and AL =0.0) are presented in
Table 1. Natural frequencies for the first four shear modes of
the perfect structure are given in Table 2. Inspection of the
natural frequencies and their respective mode shapes reveals
that the modes can be divided into pairs, which is expected
since the example structure has two repeated segments. The
Timoshenko beam effects manifest themselves by the decrease
in bending mode natural frequencies. This effect becomes
more pronounced with increasing mode number and decreas-
ing Slenderness ratio. The decrease in bending mode frequen-
cies is also accompanied by a reduction in the frequency spac-
ing associated with the mode pairs.

Shear mode natural frequencies also exhibit a significant
decrease with decreasing Slenderness ratio. However, the fre-
quency spacing between mode pairs remains relatively small
and nearly constant over the range of Slenderness ratios.

Mode number 6 was selected to illustrate the results because
it is the lowest bending mode for which the interaction between
the bending and shear modes strongly influences localization
for all of the Slenderness ratios considered. Figures 4 and 5
present localization curves for bending mode 6 for the
Bernoulli-Euler beam as well as for the T2CL6 beam with a
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Fig. 5 Length imperfection localization curves, bending mode 6;
T2CL6 elements E/kG =3.13, L/r =27.7.
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Fig. 6 Length imperfection localization curves, bending mode 6;
T2CL6 elements E/kG =3.13, Z,/r = 10.1.

slenderness ratio of 27.7. These curves represent typical local-
ization behavior: localization increases with increasing rota-
tional stiffness at the center support (decreased coupling), with
increasing span length imperfection, and with increasing Tim-
oshenko beam effects (decreasing slenderness ratio). In gen-
eral, localization also increases with increasing mode number.
This behavior of the localization curves agrees with previous
research,11'13 where it was shown that perfect structural sys-
tems with more closely spaced mode groups have a greater
affinity for localization.

Delocalization is observed for the localization curves shown
in Fig. 6 (mode 6, T2CL6 elements, L/r = 10.1). This delocal-
ization, seen as an increase in the span response ratio for
specific combinations of rotational stiffness c and length im-
perfection AL, is caused by the interaction of closely spaced
bending and shear modes. Another type of delocalization oc-
curs when the span length imperfection exceeds one-eighth of
the mode shape wavelength.

Shear mode localization curves differ somewhat from bend-
ing mode curves. For bending modes, the span response ratio
at c = 0.0 is dependent on length imperfection and mode num-
ber. This dependence is particularly evident for higher order
bending modes; localization is immediate when AL >0.0. In
contrast, shear mode localization curves approach a span re-
sponse ratio of 1.0 at c = 0.0 regardless of the mode number
and length imperfection.

Beam End Conditions
The effects of beam end conditions on localization were

determined analytically by using simply supported as well as
clamped end conditions. At the center a simple support was
retained for both cases. In general, span response ratios and,
therefore, localization curve magnitudes for the fixed end con-
ditions were approximately 95% of those for the simple sup-
ports. Thus, for the cases considered, the beam end conditions
have little influence on localization for this particular configu-
ration.

Damping
The influence of damping on the two-span beam configura-

tion was also studied by introducing a rotational viscous
damper at the center support. The computations were carried
out for two different damping values, one representing nomi-
nal damping that can be encountered in a structure and the
second representing high values of damping. The rotational
damper was tuned to yield approximately 1 and 10% critical
damping, respectively, for mode 1. Span response ratios for
both damped configurations were virtually identical with those
of the undamped system. This implies that localization is a
fairly robust phenomenon, which is unaffected by the presence
of damping.

It should also be noted that damping in a multispan beam
(having more than two spans) could be added in an imperfect
manner, and then its influence would be similar to any other
imperfection. The results from the two-span beam indicate
that such calculations would not be productive.

Pinned Two-Span Beam
Additional studies on the two-span beam configuration, de-

picted in Fig. 7, were conducted. The objective was to demon-
strate the sensitivity of localization to changes in center sup-
port location (span length), mass, stiffness, axial force, and
center support stiffness. This two-span beam differs from the
structure considered in the previous example because 1) the
spans are connected by a pin joint, rather than the beam being
continuous; 2) the spans are coupled at the pin joint by a
rotational spring Kr; and 3) in some cases, the simple support
at the center is replaced by a transverse spring Kt. These
changes transform the configuration shown in Fig. 2 into a
much more practical configuration that resembles a building
block that may be encountered in a multispan large space
structure.

The rotational and transverse springs were nondimensional-
ized with respect to EI/L and EI/L3, respectively^ for the
beam. Therefore, the nondimensional values for Kr and Kt
are defined by the following relations:

(7)

translational and rotational
springs and dampers at pin joint

Fig. 7 Two-span pinned-beam model.

IS

Rotational Stiffness (K~r)

Fig. 8 Length imperfection localization curves, bending mode 6;
T2CL6 elements E/kG =3.13, L/r = 13.9.
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jr
K'~ El (8)

Transverse Displacement

where L is the nominal length of the individual spans.

Span Length Imperfection
For the first two cases calculated for the pinned two-span

beam, natural frequencies and response ratios were obtained
and plotted as functions of span length imperfection and rota-
tional spring coupling. Two values of slenderness ratio were
considered: L/r = 13.9 and 27.7, respectively. For a slender-
ness ratio of L/r = 13.9, a localization curve plot for bending
mode 6 is shown in Fig. 8. Note that the shape of the curve is
different from continuous two-span beam results because the
nature of the span coupling is now different. For the continu-
ous beam structure, increasing the rotational spring at the
center support decreased coupling. For the pinned spans, in-
creased spring stiffness increases coupling.

Examination of the localization curves reveals that length
imperfection in the pinned two-span beam produces similar
behavior to that observed in the continuous two-span beam.

Mass and Stiffness Imperfection
The effects of mass imperfection were studied by increasing

the material density p of one of the spans by 0.5, 1, and 2%;
thus the span mass and rotational inertia were increased by
equal amounts. Bending and shear stiffness imperfections were
introduced by increasing Young's modulus E for one of the
spans by 0.5, 1, and 2%. These imperfections cause the same
localization effects as length changes, but to a lesser degree. As
evident from Fig. 9, the stiffness imperfection localization
curves for bending mode 6 have the same trends as those for
length imperfection (Fig. 8). However, localization associated
with length imperfection is much more dramatic, when the
same magnitudes of imperfection are considered. No differ-
ence was observed in the localization curves when comparing
mass and stiffness imperfections. Equal changes in mass and
stiffness yield equal and opposite changes in natural fre-
quency. Mode shapes are modified such that the spans localize
in opposite order.

Axial Force
The sensitivity of localization to axial force effects was also

studied by applying varying levels of axial force to a pinned
two-span beam with a 1.0% length imperfection. The critical
buckling load for the beam was calculated, and compressive
axial loads corresponding to 0, 60, 90, and 96% of the critical
load were applied to the beam. The natural frequencies and
span response ratios in the presence of these axial loads were
computed. The results indicate that compressive axial loads
have only a slight delocalizing effect on the beam behavior.27

Center Support Transverse Stiffness
All previous computations were done with a simple support

at the center of the two-span beam configuration. In practice,

i

Rotational Stiffness (Kr)

Fig. 9 Stiffness imperfection localization curves, bending mode 6;
T2CL6 elements E/kG =3.13, L/r = 13.9.

c) #, = 100,000
Fig. 10 Two-span pinned-beam, mode shape 1, AE = 0.01, 0.01.

infinitely stiff supports do not exist. Therefore, the simple
support was replaced with a transverse spring. Nondimen-
sional values for the transverse spring Kt were varied from 100
to 100,000 by factors of 10. Since the beam transverse stiffness
coefficient is 12EI/L3, these values of Kt range from approx-
imately 100 to 10,000 times the beam transverse stiffness. As
a limiting case, infinite transverse stiffness was represented by
the simple support. Coupling stiffness Kr was varied from 0.01
to 100, corresponding to rotational coupling on the order of
300 times less to 30 times greater than the beam bending stiff-
ness. Imperfection was introduced by varying Young's mod-
ulus E by 1%.

The localization curves for this case show an interesting
phenomenon: first localization, followed by delocalization,
occurs as the transverse support stiffness is increased. The
magnitude of transverse stiffness at which the smallest span
response ratio occurs is a function of the coupling stiffness
Kr and the mode number. Once the coupling stiffness has
attained a value of 10 or more, no significant localization
effects are seen.

An explanation for localization and delocalization in the
two-span structure can be gleaned from examining the mode
shapes. Figures lOa-lOc show plots of mode shape 1, with a
coupling stiffness of 0.01 and increasing values of transverse
spring stiffness from 1000 to 100,000. (Transverse displace-
ment is represented by curves with trie diamond pattern. Bend-
ing rotation is represented by the unmarked curves.) As the
transverse spring stiffness is increased, the mode shape makes
a transition from one shape to another. During the transition,
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Fig. 11 Perfect 10-span beam, mode shape 1, ~Kr =0.01.

the superposition of the two shapes causes cancellation of the
response for one span.

For a coupling stiffness value of 0.1, the shape transition
occurs at a lower value of transverse spring stiffness and over
a smaller interval of stiffness change. Increasing the coupling
stiffness to 1.0 or 10.0 results in complete mode shape transi-
tion within the order of magnitude change of transverse spring
stiffness. It is not clear whether any localization occurs within
these small transition regions, and analyses with finer trans-
verse stiffness resolution are needed to resolve this question.

Pinned 10-Span Beam
A 10-span version of the pinned 2-span example beam is

considered next. The 10-span beam is a more realistic example,
having some of the features that may be encountered in repet-
itive large space structures. The purpose of the 10-span beam
analyses is to examine in a more comprehensive manner the
localization/delocalization phenomena observed in the 2-span
beam. In addition, cases were also computed to determine the
effects of discrete masses that are added at the midpoint of
selected spans of an otherwise perfect system.

To maintain similarity with the 2-span beam configuration,
the 10-span version has simple supports at the ends and trans-
verse springs at the intermediate.) oints. The range of values for
the transverse spring stiffness Kt and coupling spring stiffness
A^ were the same as for the 2-span cases. Transverse support
springs and rotational coupling springs were varied in conjunc-
tion and not individually.

A slenderness ratio of 144.3 was chosen for the T2CL6
elements. The large slenderness ratio diminishes the shear and
rotatory inertia effects associated with the Timoshenko beam
formulation. Therefore the results obtained are indicative of
both Timoshenko and Bernoulli-Euler beam behavior.

Transverse Support Stiffness
As a starting point for investigating the behavior of disor-

dered systems, analyses werejper formed for the perfect system
over the range of Kt and Kr values. Imperfection was then
introduced by a random variation in the value of Young's
modulus E for the spans. A Gaussian distribution of moduli
was chosen such that 95% of the values would fall within 2%
of the nominal value. For the 10-span problem, the random
distribution generated moduli from -0.79 to +1.1.1% of the
nominal. Bending and shear stiffness properties for each span
were calculated from the random representation of Young's
moduli. The analyses for the range of Kr and Kt values were
then repeated for this disordered system.

Localization behavior for mode 1 of the perfect and im-
perfect 10-span models are shown in Figs. lla-12c. Figures
lla-llc present perfect structure mode shapes, whereas Figs.
12a-12c present corresponding mode shapes for the imperfect
structure. Thejnode shape plots represent stiffness values of
#r = 0.01 and Kt ranging from 1000 to 100,000. Mode shapes
for the perfect structure are extended for all cases. For the im-
perfect structure, complete localization occurs ̂ or^ = 10,000
in Fig. 12b, with slight delocalization seen for AT, = 100,000 in
Fig. 12c.
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Xt = 100,000
Fig. 12 Imperfect 10-span beam, mode shape 1, Kr - 0.01.
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When the coupling stiffness Kr is increased to 0.1, locali-
zation is not as complete as for the more weakly coupled
system, but it is still quite evident. Delocalization, however, is
much more dramatic. Significant response levels are present
throughout the structure. Figures 13a-14c presentthe compar-
ison of the perfect and imperfect structures for ̂  =0.1 and
~K~r ranging from 100 to 10,000.

For coupling stiffnesses of 1.0 and 10.0, the imperfect sys-
tem mode shapes closely approximate those of the perfect
system. No localization is evident in the mode shapes, but as
in the case_of the two-span beam, analyses with a finer resolu-
tion for Kt are required to determine dynamic behavior in the
transition region. From these results it is evident that the most
interesting localization effects occur in multispan structures,
which have many repetitive elements.

Discrete Mass Imperfection
Discrete masses equal to 1 % of the span weight were sequen-

tially added at the midpoint of spans 4, 8, and 6 of the perfect
structure. Analyses were then performed for each of these
cases for the range of transverse and rotational stiffnesses
previously noted. Spans with the added masses experienced
localized responses for the same combinations of Kt and Kr
that produced localized modes for the imperfect structure with
random Young's moduli.

These results seem to indicate that small concentrated
masses could be used to control localization. Given a structure
with known localized modes, it might be possible to add such
discrete masses as a means of transforming localized modes to
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Fig. 13 Perfect 10-span beam, mode shape 1, Kr =0.1.
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c) #", = 10,000
Fig. 14 Imperfect 10-span beam, mode shape 1, AT = 0.1.

extended modes. Conversely, given a perfect structure, dis-
crete masses may be added to create localized modes and there-
fore inhibit the propagation of response through the structure.

IV. Concluding Remarks
A summary of the more important conclusions obtained in

the course of this study are presented here.
1) The Timoshenko beam formulation has a significant in-

fluence on localization for higher modes, especially in the
range where bending-shear mode interaction occurs.

2) Span length imperfection causes increased localization
when compared with mass or stiffness imperfection of the
same magnitude.

3) For a multispan pinned-beam configuration, a nondi-
mensional rotational coupling stiffness of 10 or greater effec-
tively prevents localization for physically "reasonable" values
of imperfection.

4) Transverse span support stiffness is extremely important
for nondimensional rotational coupling stiffness of less than 1.

5) For the two-span model, neither axial load nor rotational
viscous damping at the center support is an important localiza-
tion parameter.

6) A new and important phenomenon, delocalization, has
been observed for the first time in this study. This phenome-
non is influenced by three separate ingredients that can act
either independently or in conjunction with each other. These
ingredients are 1) interaction of bending and shear modes, 2)
beam length imperfections that exceed one-eighth of the mode
shape wavelength, and 3) the influence of transverse support
stiffness.
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The conclusions just presented are based exclusively on the
behavior of the eigenvalues and eigenvectors computed for
the structural dynamic system. However, the response to con-
tinuous or impulsive loads should also be calculated to obtain
an improved understanding of the relative influence of param-
eters affecting localization. These effects have also been stud-
ied in Refs. 27 and 30 and will be presented in a sequel to this
paper.
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